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In 1980s Sato school has developed the soliton theory and established the relationship with the infinite dimensional Lie algebra [1] . The basic equation is the KadomtsevPetviashvili (KP) hierarchy. Nonlinear integrable equations, such as the Korteweg-de Vries (KdV) equation and the Boussinesq equation, can be considered as the reduction of the KP hierarchy.
Well known is that such nonlinear evolution equations are closely related not only to the string theory [2] , but to the one-dimensional many-body problems [3, 4] . The rational solutions of the equations correspond to the (restricted) flows of the so-called Calogero model [5] . For example, let us consider the KdV equation,
The form of pole-expansion,
is the solution if q j follow the Hamiltonian flow induced by I 3 (see below) with constraint,
The meaning of these relations still remains as an open problem [6] .
In this letter we give the meaning based on the "additional symmetry". The additional symmetry of the KP hierarchy has been introduced in [7, 8] . This symmetry plays an important role in the matrix model for two-dimensional gravity, and provides a string theory, Virasoro constraint, and so on. On the other hand, the symmetry of the Calogero model has also been revealed for classical [9] and quantum [10] cases. We show that the Calogero model has the same structure with the KP hierarchy.
We begin with the Sato theory and consider the symmetry of the KP hierarchy. Let {t j } denote a set of independent variables. We set x ≡ t 1 and ∂ = ∂/∂x. The formulation is based on the Lax equations for the pseudo-differential operator,
Here u n are the functions of {t j }, and B n = (L n ) + is the truncation to the differential part of L n . A negative power part of the differential operator L n will be written as (L n ) − . The Lax equations (4) satisfy the zero-curvature equation, which is known as the Zakharov-Shabat equations,
Note that the Lax equations (4) give the integrability conditions of the linear system,
where ψ(t, λ) is the Baker-Akhiezer function. This function can be written as
where W is the zero-th order pseudo-differential operator
This dressing operator W satisfies the Sato equation
It is known that the KP hierarchy has the higher symmetry [7] . This symmetry plays an important role for the theory of the two-dimensional gravity [11] . We define the operator
This operator satisfies the Lax equation
It can be checked that the operators L and M are canonically conjugate,
By use of these operators we can construct the W 1+∞ algebra [11] ,
with the W -operators, W
The relation (12) and its generalized form,
correspond to the string equation in the theory of the two-dimensional gravity [2] . Notice that (11) and (12) are consistent with the linear equation
For our purpose it is more convenient to rewrite (4), (11) and (9) into
Now we shall show that the N-body Calogero model, in which the particles interact through the pairwise inverse square potentials, share the same symmetry. The Hamiltonian of the Calogero model is
The momentum p j and the position q j are canonical conjugate, that is, in terms of the Poisson bracket, {p j , q k } = δ jk . To discuss the symmetry, we use the classical r-matrix structure [12] 
identity,
Here { ⊗ , } denotes the fundamental Poisson bracket [13] , {A ⊗ , B} = {A jk , B lm }E jk ⊗E lm .
The classical r-matrix is defined by
Using the permutation operator, P = j,k E jk ⊗ E kj , we may express r 21 = Pr 12 P. Remark that the classical r-matrix is slightly different from the one in [12] . The other intriguing structure is possessed by the diagonal matrix Q,
This matrix satisfies the following relation in terms of the classical r-matrix;
These equations lead to the following equations of motion;
Here M n are N × N matrices defined by
where Tr 2 means the trace of the matrices in the second space of a direct product. The time variable t n is associated with the flow for the conserved quantity I n ≡ TrL n , as
One finds that the matrix M n is equivalent to the results in [9] .
One observes that (23) have appeared in the KP hierarchy. As the time t n denote the flow for the conserved quantities I n , only the finite quantities are independent for the N-body system. To compare the Calogero system with the KP hierarchy we must take the large N limit, N → ∞. The explicit construction can be seen from the matrix representation. We consider the following equation,
Here we suppose that the matrix H does not depend on the "time" variables t n . A simple calculation leads to (23) if we set
These equations correspond to the Sato equation (9) in the KP hierarchy.
It is now straightforward to show the relationship between the KP hierarchy and the many-body problem from the generalized Lax equations and the additional symmetry. The n-th order KP equation corresponds to the flow for I n . Further the KdV hierarchy and the Boussinesq hierarchy, which are the reduction of the KP hierarchy, can be formulated.
For example, the KdV hierarchy is the n = 2 reduction of the KP hierarchy. We suppose the peudo-differential operator as L 2 = ∂ 2 + u, or (L 2 ) − = 0. Then the k-th order KdV equation is obtained by ∂L 2 /∂t 2k+1 = L 2 , (L 2k+1 ) − , while the "even" time variables t 2k are suppressed, ∂L 2 /∂t 2k = 0. From the correspondence with the Calogero model, one concludes that the k-th order KdV equation is equivalent to the flow of I 2k+1 with the constraint gradI 2k ≡ 0. These results are consistent with the suggestion in [3] .
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